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Brittle fracture of rock

4.1 Introduction

In chapters 1 and 2 the mechanical properties of rock materialsbkeawvediscussed in
some detail and it has been shown that most rocks exhibit pattelbeafiour which
can be usefully employed by the practical engineer. Since afofte conclusions
presented in chapters 1 and 2 are based upon empirical studiesiittésest to examine
the basic mechanism of brittle failure of rock in order to gamesunderstanding of the
underlying reasons for the behaviour patterns which are observedniiatoes such an
examination satisfy the curiosity of the academically medi but it also provides a basis
for meaningful extrapolation from available experimental results.

A comprehensive review of the research effort which has been ddwdtezistudy of the
brittle failure of rock has recently been presented by J4&§66). Rather than present
yet another review on the theoretical aspects of this subjedut®r has chosen to
present the known physical facts in a form which will be bothnmngéul and useful to
the practical engineer. In order to achieve this end within thigetl space available in
this chapter, the dynamic aspects of rock fracture have beendgumiehe discussion is
limited to failure under quasi-static loading conditions such asethdsich can be
expected to occur in rock structures.

4.2 Fracture initiation

A rock material contains a large number of randomly oriented zongstential failure
in the form of grain boundaries. Let us assume that one suchbgraidary, illustrated
in figure 4.1, contains a number of open flaws and that, in accordaticéhes concept
postulated by Griffith (1921, 1924), these flaws are approximatigbyiedl in shape. It
can be shown that very high tensile stresses occur on the bowhdasyitably oriented
elliptical opening, even under compressive stress conditions, andagsismed that
fracture initiates from the boundary of an open flaw when thel¢éestiess on this
boundary exceeds the local tensile strength of the material.

In order to obtain an estimate of the stresses around the boundamyopen elliptical
flaw it is necessary to make the following simplifying assumptions:

a) The ellipse can be treated as a single opening imairsinite elastic medium, i.e.

adjacent flaws do not interact and local variations in material propentiégrared.

b) The ellipse and the stress system which acts upon the ahaterounding it can be
treated two dimensionally, i.e. the influence of the three-dgio@al shape of a flaw and
of the stresss, in the crack plane can be ignored.
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Figure 4.1 Stress system acting on a potential failure plane in rock.

Although these assumptions do introduce certain errors (Jaeger 196@adhéude of
these errors is estimated to be less that0% which is within the order of accuracy
aimed at in this analysis.

The stress system acting upon the grain boundary under consideratiomwisin Figure
4.1. The convention adopted in this analysis is such that compressiegaisad as
positive and thats; >s, >s; wheres,,s, and s; are the three principal stresses

acting on the rock body. The elliptical flaw i<himed at an angléb to the major stress
direction, i.e. the direction of maximum compressstress. The normal stresg and

the shear stress,y which act on the material surrounding the elligititaw are related
to the maximum and minimum principal stressgsand s ; by the following equations:

25y =(s;+53)- (51~ 53) cos2b (4.1)

2ty =(s1- 53) sin2b (4.2)



Brittle fracture of rock

Equation of ellipse:

X =a’cosa,
y =b>sina,

wherea is the eccentric angle;

tang = m:tana,

wherem=b/a.

Figure 4.2 Stresses acting on the material sudiogna two-dimensional
elliptical flaw.

The stresss, which acts parallel to the axis of the ellipti¢@w and the intermediate
principal stresss, which acts in the z direction will be shown to Baa negligible
influence upon the stresses near the tip of tive #lad can be ignored.
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In the discussion which follows, the stress systgith be discussed in terms of the
normal and shear stresseg, and f,y, only. The interested reader can revert to the

principal stresses; and s, at any stage of the analysis by substitution efriiations

given in equations (4.1) and (4.2).

The parameters which define the boundary of thptielhl flaw are given in Figure 4.2
and, of these, the most important are the ratih@iminor to the major axis of the ellipse
b/a=m and the eccentric angke which defines the position of a point on the baamyd
of the ellipse. The tangential stress on the bagndf the ellipsesy, is given by the

following equation (Inglis 1913; Denkhaus 1964):

sy{m (m+2)cos? a - sin? a}+sx{ (1+2m) sin?a - mzcosza}- z‘Xy{Z (1+ mz)sina cosa}

m2cos? a +sin® a

Sp =

(4.3)

In a material such as rock it can be assumed Heatliptical flaws will have a very

small axis ratiom, i.e. they will be very flat in shape. This medhat the maximum

tensile stress will occur near the tip of the ¢idigl flaw, i.e. when the eccentric angte

is very small. Whera ® 0,sina ® a and cosa ® 1. Substitution of these relations

into equation (4.3) and neglecting terms of theosdoorder and higher which appear in
the numerator gives the following approximate egpien for the boundary stress,

near the tip of the elliptical flaw:

2sym- t,y0a)

m? +a?

4.4)

Sp =

An important fact which emerges from this simphtfion is that the stress, , which lies

parallel to the major axis of the ellipse, has gligéle influence upon the boundary

stress near the tip of the flaw. By analogy thituence of the intermediate principal
stresss, =5, can also be ignored.

The maximum tangential stress on the boundaryeoétiiptical flaw is given when

i.e. when
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(M? +a®)(- 2t ) =2(sy XM~ £,y a)2a
Giving
- [Xy

Sp = P , (4.5)

Or, rearranging in terms of &/.

X -

1
— =0 (4.6)
az m>¢xy m2

Solving equation (4.6) for &':

1 1 /‘ 2 2)
g—mn‘ Syi Sy+l‘xy (47)

Xy

From equations (4.5) and (4.7)

sbxm:-syi,/lsgﬂ)%y) (4.8)

The assumed criterion for fracture initiation isttha crack will propagate from the
boundary of the elliptical flaw when the tangensélesssy, reaches a limiting value

equal to the tensile strength of the material at toint. Since it is not practical to

measure either the local tensile strength of theen@h surrounding the flaw or the axis
ratiom, it is convenient to express the tesag »xm in equation (4.8) in terms of a quantity

which can be measured more readily. Such a qyastthe uniaxial tensile strength
of the rock body which contains the flaw under edesation and this is obtained when
Sy =standf,y = 0giving

SpXM=-2s, (4.9)

Substituting this relation into equation (4.8) asguaring both sides of the resulting
equation gives

l‘%y:45t(5t' Sy) (4.10)
This equation, which is the equation of a parabolahe ¢,y - s, plane, defines the

6
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relation between the shear and normal stresgesnd s, at which fracture initiates on

the boundary of an open elliptical flaw. Note thatsubstituting a numerical value for
the uniaxial tensile streng#h, it is necessary to include a negative sign ineprid

satisfy the sign convention adopted in this chaptdence a particular rock will have a
uniaxial tensile strength of -2000 IKin

4.3 Fracture propagation

If it is assumed that the inclinatiofr of the elliptical flaw is such that the boundary
stresssy is a maximum for any combination of the princigélessess;and s; then
equation (4.10) becomes the equation of an envetopenumber of Mohr circles, one of
which is illustrated in Figure 4.3.

T

stress,

Sheor

Normel stress , O

Figure 4.3. Relation between the normal and sis¢@sses required to
initiate tensile fracture from an elliptical flaw.

From the geometry of this circle and from the sla@ the normal to the envelope
defined by equation (4.10) it follows that

- ds t
tan2p=——Y =¥ (4.11)



Brittle fracture of rock

From equations (4.5) and (4.9)

SpXM=2s, = y.
b t 2
hence
a=———=>=>=-mxan2b, (4.12)
2s

t

which defines the relations between the positiorthef maximum tensile stress on the
boundary of the elliptical flawg ) and the inclination of this flaw#) to the direction of
the minimum principal stress;.

Since fracture is assumed to occur when the tarsjetitess on the boundary of the flaw
exceeds the local tensile strength of the matetialan be assumed that the crack will
propagate in a direction which is normal to thermtary of the ellipse. The normal to the
ellipse defined by the equation given in Figureig.@efined by

- dx
tang=——,
dy
where
dx=-axsina xda (4.13)
dy = maxcosa xda
Hence
tang = tana (4.14)
m
But, sincea is small, tarm ® a, hence
tang = .. tan2b (4.15)
m
or
9=-2b or (p- 2b) (4.16)

This relation is illustrated in Figure 4.4. Fromuation (4.11) it can be seen that as soon
as fyy>0, b> 0,thereforeg >0 and hence the crack which initiates on the boyndar
of the flaw will tend to propagate out of the plasfethe flaw. This is a very important
result and it is interesting to investigate thepagation of this crack in greater detail.

8
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Crack path

Figure 4.4 Direction of crack propagation from tigeof an elliptical flaw
under compressive stress conditions.

4.3.1 Fracture propagation whety, =0

From equations (4.11) and (4.16), whgy =0,6= ard/ =0. In other words, under
conditions of uniaxial tensile stress to which tmack is perpendicular, a crack is
initiated at the tip & =0) of the elliptical flaw and it will propagate ihé¢ plane of the
initial flaw.

Substitutingt ., = Oanda =0 in equation (4.4) gives
Xy

25
y =253 (4.17)
m

Sp=—=>
b~

If it assumed that the radius of curvature of th@ppgating crack is of the same order of
magnitude as the radius of curvature of the origatigptical flaw, then propagation of
this crack has the same effect as decreasing ikaatio m of the original flaw. From

9
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equation (4.17) it will be seen that this resuftsan increase in the boundary stregs

and hence the crack will continue to propagaten évihe applied stresses are decreased.

Under these conditions the propagation of this lcnasults in tensile ruptuteof the

specimen. An important conclusion which can bewvdrdorm this discussion is that
tensile rupture will occur in a plane defined ky=0, i.e. in a plane which is
perpendicular to the direction of the applied tiensiresss 5.

4.3.2 Fracture propagation whet, >0

As already discussed, whem,y > , the crack which initiates on the boundary of the

elliptical flaw propagates out of the plane of thiaw. It has been demonstrated
experimentally (Brace & Bombolakis 1963; Hoek & Bigwski 1965) and theoretically
(Paul & Gangal 1966; Bray, personal communicatitna} this propagating crack will

follow a curved path as indicated in Figure 4.AisIcrack path tends to align itself along
the direction of the major principal stress which, in effect, gives rise to a situation in

which the equivalent elliptical flaw is inclined @& =0 and the stress at the tip of the

propagating crack can be approximated from equ&4diy).

When s, > 0, i.e. whens; is compressive, an entirely different situatiocuws in that
the stress at the tip of the propagating crack imesocompressive when the crack is
aligned in the direction of the major principaless s,. Under these conditions
propagation of the crack will cease and the new 8a created will be stable under the
existing conditions of applied stress.

The length of the crack which propagates from apnoplliptical flaw for a given
combination of applied stresses has been determaxgerimentally by Hoek and
Bieniawski (1965) and the results of these expenisare plotted in Figure 4.5.

The important conclusion to be drawn from theseltess that a single open elliptical

flaw cannot cause rupture of a rock specimen uwrdeditions in which that applied
stressesg; ands ;) are both compressive.

Y In this discussion the disintegration of the spesi into two or more separate pieces will be termed
rupture.

10
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4.4 Rock fracture in compression

When the principal stresses;and s; applied to a rock body containing an open

elliptical flaw are both compressive, the crack ethis initiated on the boundary of this
flaw will only propagate a short distance beforstdps and becomes stable (Figure 4.5).
In considering the problem of rupture under comgiues stress, it is necessary to
determine the conditions necessary to propagatsttide crack described above or the
conditions necessary lo initiate some new failucala

Experimental evidence obtained by Hoek and Bientawd965) suggests that
propagation of the stable cracks which were iratiafrom open flaws occurs when the
shear resistance of the zone containing these flavewercome and shear movement
occurs as suggested in Figure 4.6.

The condition for the onset of shear movement mayekpressed by the following

equation:
Ly =to*+ msy (4.18)

where ¢, is the intrinsic shear resistance of the material,the shear resistance when
the normal stressy, = 0 and which is due to interlocking of asperitzg®l to cohesive

forces. The coefficient of internal frictiom is the ratio between the shear strégs

required to sustain movement, once the intrinseashesistancé, has been overcome,
and the normal stress,,.

The criterion expressed by equation (4.18) is familo most engineers and is most
commonly associated with the names of Navier, Gabland Mohr (see Jaeger's 1966
review for historical details).

Since the condition expressed by equation (4.18jh& required to initiate shear
movement, it does not follow automatically thatsteiguation defines the conditions for
rupture of the specimen. Consequently it is necgdsaconsider the events which follow
initiation of the shear movement in order to essfbivhether rupture of the specimen
will occur.

11
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Figure 4.5 Length of stable crack propagated feomelliptical flaw under
compressive stress conditions Hoek & Bieniawski5L96

Figure 4.6 Mechanism of fracture propagationsediby displacement on a
shear plane

12
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In applying the Navier-Coulomb criterion, equati@nl8), to a rock failure problem it is

usual to assume that rupture of the specimen taleee as a result of shear movement
along a plane inclined at an angteto the minor principal stress direction as sugggst

in Figure 4.7(a). The relation between the angleand the coefficient of internal friction
n can be found by considering the slope of the Mwtvwelope as was done earlier in this

paper in the case of the Griffith criterion (Figdr8):
- dsy -1

== 4.19
diyy m (4.19)

tan2b =

While it is accepted that simultaneous movementhenshear plane is a valid failure
mode it is suggested that interlocking of aspexite this plane can also give rise to
differential shear movement which results in thepaigation of existing vertical cracks,
as suggested in Figure 4.6. This would result & wertical tensile type of rupture
illustrated in Figure 4.7(b).

A third possibility is that rupture can occur asesult of some combination of the two
modes discussed above, giving a rupture surfacehwis intermediate between the

direction of the major principal stress al and thection of the shear plane which is
inclined at an anglé to the major principal stress direction.

A final possibility is that the propagation of esthof the above modes could be inhibited
by changes in either the stress field or the malteroperties in the crack path, resulting
in a stable crack configuration such as that itated in Figure 4.7(c). Propagation of

this stable crack system would require a furtherdase in the applied compressive
stress; .

It will be evident to the reader, from the discossgiven above, that the final appearance
of a rock specimen which has been tested to ruptoder compressive stress conditions
will depend upon the size of the specimen and uperdegree of restraint imposed by
the testing machine platens. The influence of latooy test procedures upon the results
of rupture tests on rock specimens will be discdiseea later section of this chapter in

which the application of such results to practrc&gk mechanics problems is discussed.

Factors which influence the material 'constasis?, and » and the effect of changes in

13
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these constants upon the behaviour of the mateiliadlso be discussed in a later section
of this chapter.

Figure 4.7  Suggested rupture modes under cosipeestress conditions,
(a) Shear failure; (b) Tensile failure; (c) Stabtack configuration.

4.5 A rupture criterion for brittle rock

In order to obtain the simplest possible ruptutieedon for a brittle rock, consider the
behaviour of a specimen which contains a large runolb randomly oriented flaws of
similar size and shape, for example, a carefullgcted sample of a homogeneous fine-

14
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grained rock, such as Witwatersrand quartzite (HH@#6). Such a material will exhibit
no significant anisotropy in its strength behaviand will have a uniaxial compressive
strength of approximately ten times its uniaxialsiée strength.

The rupture criterion for such a material can bpeeted to be a logical extension of the
fracture initiation criteria already discussed atie complete rupture criterion is
illustrated in Figure 4.8.

Figure 4.8 A rupture criterion for brittle rock.

In deriving this rupture criterion the followingders were taken into consideration.

(a) The simplest type of tensile rupture occursmiine minor principal stress equals the
uniaxial tensile strength of the material, i£5 =s¢. This rupture is caused by the
propagation of a crack which initiates at the tig (= 0) of the flaw which is
perpendicular to the minor principal stress di@cttio6 = 0). The conditions under which
this type of rupture occurs can be deduced fromr&gt.3, from which it can be seen that
the radius of curvature of the Mohr envelope at poent of its intersection with the

15
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normal stress axig (y = 0) is equal to &;. Consequently, all Mohr stress circles which
fall within this circle of radius 2; (see Figure 4.8) can only touch the rupture empeelo

at one point which is defined b#, = 0 ands; =s. This implies that pure tensile

rupture occurs whes, £ - 3s55.

b) Rupture of a rock specimen, when the normalsstiacting on the potential shear
surface is compressives(,> 0), is assumed to occur when the shear resistanties
plane is overcome, i.e. when equation (4.18) isfsad. Shear movement on this plane
can induce shear and/or tensile rupture of theiseras suggested in Figure 4.7.

c) The transition between the conditions which govpure tensile rupture and the
conditions under which rupture is induced as alresfushear displacement cannot be
derived directly from the fracture initiation crite already discussed in this chapter. This
difficulty is caused by the fact that the crack @bhinitiates on the boundary of a flaw
subjected to a finite shear stress will tend tgopgate out of the plane of the flaw (see
Figure 4.4). Although this crack will tend to aligself along the major principal stress
direction it is not possible to calculate the magge of the minor principal stressg
which is required to cause rupture of the specinenrder to overcome this difficulty it
is proposed, on purely phenomenological grounds, this transition should take the
form suggested by the heavy dashed line in Figi8e Ke. it is assumed that the straight-
line rupture criterion which defines shear-inducagture is tangential to the parabolic
Mohr envelope which defines fracture initiationrfr@pen elliptical flaws.

From the geometry of the rupture diagram preseime#ligure 4.8, it is possible to
estimate the relation between the intrinsic shégngth /, and the uniaxial tensile

strengths, :
ty=-5. ~+m (4.20)
m

The practical significance of this relation is tltaénables an estimate of the maximum

uniaxial tensile strength of a particular matetialbe obtained from the value of the
interceptf, of a Mohr rupture envelope fitted to a number radixial compression or

shear test results.

Practical experience (Hoek 1966) confirms thatrtigure criterion proposed in Figure
4.8 provides an adequate basis for predicting tiesses required to cause rupture of a

16
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brittle rock material under the conditions normadycountered in mining or civil
engineering rock mechanics problémsiowever, from the discussion on the direction of
fracture propagation (Figure 4.7), it is eviderdttno reliable estimate of the angle of
rupture of a rock specimen can be made from therMopture diagram presented in
Figure 4.8. In other words, the angleb 2subtended by the normal to the rupture
envelope (see Figure 4.3) defines the orientatfdheoflaw from which fracture initiates
or upon which shear displacement occurs but itgyive information on the subsequent
path which the fracture will follow. The author lesles that the angle of rupture of an
element of rock is critically dependent upon thetnants imosed upon it by the testing
machine platens, in the case of a laboratory teshy the surrounding material in the
case of a rock structure. A great deal of cardfalight and experimentation has still to
be devoted to this problem in order to clarify #@rent confusion which exists in
relation to the angle of rupture of rock materials.

4.6 Factors which influence the rupture behaviour of rock

The 'ideal' brittle material upon which the denwgatof the fracture initiation and rupture
criteria presented above is based cannot be coedidepresentative of the material
which would be found in a rock structure, such aslaan foundation or the rock
surrounding a mine excavation. Nor can the comditito which a carefully selected
laboratory test specimen is subjected be regardedmesentative of the wide variety of
conditions which are likely to be encountered ia field.

Obviously, a theoretical rupture criterion whickcagnts for all possible deviations from
the ‘ideal’ would be far too complex to have anggtical value. On the other hand, the
‘ideal’ would be far to complex to have any praaticalue if some estimate can be made
of the extent to which the rock behaviour is likedybe influenced by deviation from the
idealized assumptions.

2 Deviations from the linear Mohr envelope defineddmyation (4.18) are discussed in a later section o
this chapter.
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4.6.1 Influence of moisture on the strength of rock

The presence of moisture in a rock body can infteethe rupture behaviour of the rock
in two important ways:

a) The moisture can reduce the strength of thie bycchemical or physical alternation

of its inherent properties. This strength reductan be very important; for example, the
results obtained by Colback and Wiid (Colback & &Vii965) for tests on a quartzitic

shale (Figure 4.9) show that the strength of specgwhich had been dried over calcium
chloride for several weeks. This finding emphasittee need to simulate field conditions
as closely as possible in the laboratory and, idonbt, to assume the worst conditions
and to test the specimens in a saturated state.

Figure 4.9. Mohr rupture envelopes showing theatfbf moisture on the
compressive strength of quartzite shale (ColbadkKi&l 1965)

(b) If the moisture is present under pressure,stinength of rock is further reduced.
Numerous experimental observations (e.g. Murrelb6l@nd Byerlee in press) have

18
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confirmed the theoretical prediction that the iefige of pore pressure can be allowed for
in the rupture criteria discussed in this chapterdplacing the normal stress, by an

effective stressgy - p). Noting that a compressive stress of magnitpdelances the
internal pore pressure, it is clear that only theess sy - p can be effective in

developing tensions. Consequently, equation (b&08pmes

t )Z(y: 4st{5t - (sy - p)} (4.21)

while equation (4.18) becomes

Ixy=to +m(sy- p) (4.22)

It is important to note that in any testing involgia study of the influence of moisture or
of pore-pressure effects, the rate of loading @& $pecimen is a critical factor. The
discussion presented above is based upon staggsstonditions and unless the rate of
loading is low enough to permit the pore pressamigtribute itself uniformly throughout
the volume of the specimen or, in the case of imddatest, to prevent the build up of
dynamic pore pressures, the conclusions presehteeavill not be valid

4.6.2 Influence of the normal stress upon thaiémal behaviour of rock

The envelope fitted to a set of Mohr circles olbgdinfrom low pressure triaxial
compression tests on brittle rocks is usually adegjy represented by a straight line as
suggested by equation (4.18) (Wuerker 1959). Simaey civil and mining engineering
applications involve low confining pressures (up&y one-half the uniaxial compressive
strength of the rock), the assumption that the faoeft of friction 7 is a constant is

sufficiently accurate for these applications.

However, in the case of problems involving highfadng pressures such as those which
may be encountered in deep-level mining or in gotd of interest to the geologist, this

3 professor W. F. Brace of the Massachusetts InstatifTechnology, in a personal communication to the
author, gives the critical strain rate for the liogdof a small specimen (approximately 0.5 inchhiger x
1.5 inches long) of Westerly granite as approxityaté”’ in/in/s.
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assumption can be seriously in error. The assumpliat the coefficient of friction is a
constant can also be misleading in the case df feaks, such as shales and siltstones,
which exhibit non-linear rupture envelopes, eveneasy low confining pressures.

Experimental evidence obtained by Murrell (1966pbHs (1966), Patton (1966) and
Byerlee (in press) suggests that the coefficienbtarnal friction 7 in equation (4.18) is
not a constant but depends upon the magnitudeeafdhmal compressive stress . The

reason for this breakdown of Amonton's law of fantis associated with the interlocking
of the asperities on the shear plane (see Figée Bhis interlocking depends upon the

intimacy of the contact of the asperities whichtum, depends upon the magnitude of
the normal stress .

Although a number of theoretical models of thisertdcking behaviour have been
considered (Murrell 1966; Hobbs 1966; Byerlee iesg), the problem has not been
adequately solved and, in the author's opiniorgresiderable amount of theoretical work
is still necessary. However, in the absence ofgaroius theoretical solution, a useful
empirical solution can be obtained by assuming thatrupture behaviour of a brittle
rock can be characterized by the following equation

Imax = fmaxo + AS bm (4.23)

1 . .
where f max = E(s1 - 53) is the maximum shear stress,

1 .
Sm= E(s1 +5,) is the mean normal stress

and ! maxo IS the intercept of thé,,,x versuss, plot whens,, =0.

The reasons for the choice of tm@ximunmshear stresg ., and themeannormal stress
Sm in place of the shear and normal stregsgsand s, as suggested by (Murrell 1966)

and (Hobbs 1966) are important and are worthy nfesoonsideration.

In analysing the results of conventional triaxiaimpression tests, we are faced with the
problem of determining the values of the shearramthal stresses,, ands, from the

experimentally determined values of the appliecdleand lateral stressess ands; (=
S5,). If the inclination 6 of the plane upon which the shear and normal sggeact is

20



Brittle fracture of rock

known, their values can be calculated from equati¢hl) and (4.2). However, as
discussed earlier in this chapter, available ewidesuggests that the fracture path is a
complex one which may have no direct relation #® shear and normal stresses which
were responsible for its initiation and propagat{see Figure 4.7b). In addition, current
triaxial testing techniques are such that the fn&cpath is almost certainly influenced by
platen effects and by the non-uniformity of thees$ distribution in the specimen at the
final stages of rupture. Consequently, any attetmptetermine the inclinatio of the
rupture surface from the configuration of a ruptuteaxial specimen must be treated
with suspicion.

In order to overcome these difficulties, the authggests the use of the maximum shear

stress and the mean normal stress which can belai®id directly from the axial stress
s1 and confining pressures values obtained from a set of triaxial tests.ilt be seen

from Figure 4.11 that, for an actual set of expenmal results, thé ,, versuss,, plot
is closely related to the,, versuss, relation which is assumed to be defined by the

Mohr envelope. This suggests that the relatiop@sed in equation (4.23) and a similar
relation betweert,, and s, proposed by Murrell (1966) and Hobbs (1966) aré no

contradictory and that the advantage of using egugt.23) depends solely upon its
practical convenienée

In order to evaluate the consta#tsandb in equation (4.23) for a given material, it is
convenient to rewrite the equation in the followfogn:

t -t S
Ioglo—maxs Maxo —ogyg A+ bloglos—m (4.24)
C C

where s is the uniaxial compressive strength of the makeri

The advantage of normalizing the experimental tedoy dividing each measured value
by the uniaxial compressive strength of a numbetests on the same plot. This
advantage is obvious in Figure 4.10 in which theults of triaxial tests on the eight

4 An interesting application of the maximum sheagsgrversus mean normal stress plot has been dasbcrib
by the author (Hoek 1966) in connection with thalgsis of rock fracture around underground excawesti
by means of photoelastic models
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sandstones listed in Table 4.1 are plotted ondhgesgraph. Normalizing the results has
the additional advantage of minimizing the influenof testing techniques, specimen
sizes and environmental conditions since theseitions are usually common to both

numerator and denominator of the dimensionlesggati

Figure 4.10 Relation between the maximum shedmaean normal stresses
at rupture for sandstones

Plotting the experimental results on logarithmiales permits a direct evaluation of the
constantsA andb sinceA is given by the value of(f . - £0)/S: Whens,/s. =1,

(logio(Sm/Sc) =0), and the value db is given by the slope of the straight line through
the experimental points. However, complete evalnadf the constants requires that the
value of the intercept ,,,0 be known and, in the absence of experimental saltne
author suggests that a reasonable estimate is Qiwvep.yo/Sc = 0.1.

Fitting the best straight line to the experimeralints plotted in Figure 4.10 by the
method of least squares and substitution of thaltieg values ofA andb into equation
(4.23) gives
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085

Imax — 014 076 Sm
S¢ S¢

(4.25)

which, as shown in Figure 4.11, adequately defittes rupture behaviour of the
sandstones listed in Table 4.1.

Table 4.1 Sandstones included in Figure 4.10

Name Experimenter | Country Uniaxial compressive strength
Ib.irf kg/ch
Jaeger Australia 9,000 633
Darley Dale 1 | Price England 5,780 406
Pennant Price England 22,500 1,582
Rush Springs | Bredthauer America 25,000 1,758
Iwaki Horibe and Japan 1,780 125
Kobayashi
Everling Germany 18,500 1,300
Darley Dale Il | Murrell England 11,500 1,300
Warmbaths Wiid South Africa 14,750 1,037

In Figure 4.11, a set of idealized Mohr circles #meir envelope are shown and it will be
noted that, having defined the relation between rttaximum shear stress and mean
normal stress, the construction of these circlesthe fitting of the envelope is reduced
to a simple and reliable graphical operation. Tikign contrast to the difficulties of
fitting an envelope by eye to a set of experiméyn@étermined Mohr circles since such
an envelope is invariably fitted to the circlesdximum diameter and does not take into
account the scatter of the experimental values

® The interested reader can easily check this diffifor himself by constructing a few Mohr circlé®m
the experimental values given in Figure 4.11 antthgahe exaggerated curvature of the envelopedfitd
the maximum diameter circles.
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Figure 4.11 Mohr stress diagram for the ruptursasfdstone.

Although no attempt is made here to develop ther#teal relation between the Mohr
envelope and thép,,, versussy plot, it is interesting to examine the relatiortvibeen

the intrinsic shear strength, and the maximum shear stress intertggk,. AsS
discussed earlier in this chapter, pure tensileturepis assumed to occur when
s, £-3s5; which means that all Mohr stress circles withirs tetress range touch the
envelope at one point defined I3y, = s, (see Figure 4.8). Rupture under conditions of
pure shear, i.es; = - S5, falls into this category and it can be seen ffigure 4.,8 that
the radius of the Mohr circle defining this condlitiis equal tos; and, since this circle
defines the maximum shear stress intercepi € ), it@ollows that

[ maxo = St (4.26)
Comparing equations (4.20) and (4.26) gives

lo

Lim (4.27)
I maxo m

and substitution of a range of values forbetween 0.5 and 2 shows that a reasonable
estimate for the relation betweégand ¢ 1,540 IS given by
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to @2f maxo (4.28)

Although the prime purpose of plotting the triaxiest results for sandstone in Figures
4.10 and 4.11 is to demonstrate the influence efrtbrmal stress upon the frictional
behaviour of rock, these figures cannot be lefhaut noting the remarkable similarity in
the rupture behaviour of the eight sandstones wifiioin the information given in Table
4.1, have widely varying geographical locations gadlogic materials, any attempt at an
explanation of this similarity would be based orrgpapeculation and would be out of
place in this chapter. However, since similargrat of behaviour have been noted for
many other rock types (Hoek & Bieniawski 1965; HA€66), the practical significance
of such patterns, even if they can only be defibgdempirical relations such as that
suggested by Equation (4.23), is important.

Following the thoughts which probably motivated \Wkez (1959) when he prepared his
annotated tables of rock strength, it is sugge#tat the availability of a collection of

dimensionless results, such as those presenteduref4.10, could be of considerable
assistance to the practical engineer who may haitban the time nor the facilities to

carry out the large number of triaxial tests neagsdo define the behaviour of the
material with which he is concerned. In order btain an estimate of the behaviour of a
particular material, it would only be necessaryditermine the uniaxial compressive
strengths ., under the environmental conditions and usingéiséng technique and size
of specimen most appropriate to the particular lgrbunder consideration. Substitution
of this value ofs; into the characteristic equation of that typenaiterial (e.g. equation

(4.25) for sandstone) would give fg,5x Versuss,, plot, and if necessary the Mohr

circles and envelope, which would be sufficienttgarate for most practical purpoSes

® The author wishes to make it quite clear that hesdwt advocate the procedure suggested above as a
solution to all problems of rock testing. The euwhich defines the rupture behaviour of a rock imayan
extremely useful tool but it cannot replace thelfef his material which an engineer can only abtay
working with it and observing its behaviour undesttconditions. However, since the ever-increasing
demands of progress restrict the time which the emodngineer can afford to spend on the luxury of
getting to know his material, the suggested promduhile academically unattractive to the physijaisay

still prove very practical in engineering applicati In order to implement the ideas outlined abave,
research project has been initiated at Imperiale@el London, which involves the collection and poiter
analysis of all available results for triaxial rosts, usingublished data and whatever raw data it proves
practical to obtain.
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4.6.2 Influence of anisiotropy on the strength of rock

The ideal brittle rock, upon which most of the dission presented thus far has been
based, is assumed to contain a large number obnalydoriented flaws of equal size.
These conditions would very seldom be found in fozatrock mechanics problems and,
hence, it is necessary to make an estimate ofrtbteaple influence of anisotropy would
exceed the scope of this chapter and it will seffillustrate the main points of practical
interest by one example.

Figure 4.12 Mohr envelopes defining the rupturbaweour of the bedding
planes (dashed line) and parent material (sol@) laf a South African state.

Figure 4.12 shows the rupture behaviour of a Sadfitican slate (Hoek 1964). The solid
line is for tests carried out on specimens in whioh bedding planes were oriented in
such a way as to minimize their influencé € 90° for tensile tests an@d =90° or 0° for

compressive tests). The dashed envelope reprebentssults obtained from specimens
in which the bedding planes were oriented to ettezir maximum influenceb =0 for

. 1 .
tensile tests and = Earctan mfor compression tests).

It is evident from this figure that the rupture elope of the slate in its weakest state is
merely a scaled down version of the rupture enweligp the strongest state. Plotting
these results on dimensionless logarithmic scalesas done in figure 4.29 confirms that

the constanté and b (equation 4.23) are not significantly different tbese two rupture
envelopes but Figure 4.10 shows that the valud®funiaxial compressive strengsh,
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varies by a factor of approximately 4, dependingruphe orientation of the bedding
planes to the principal stress directions.

The practical significance of these findings isttha problems in which the principal
stress directions and major weakness planes imtterial are known, the appropriate
value of s, can be determined and used in analysing the riftehaviour of the rock.
Hence, for example, the analysis of the stabilityaslope in which the rock contains
well-defined planes of weakness must take the tatiem of these planes into account.
Note that, in such cases, the weakness planes omégirc soft filling material which may
reduce the frictional resistance of this plane, the values oA andb will differ from
those of the parent material and must be determispendently.

In cases in which the orientations of the weakpases in relation to the principal stress
directions are not known, it can only be assumeat the rupture behaviour of the
material will lie somewhere between the two envefopepresenting its weakest and
strongest states (e.g. Figure 4.12 for slate). ceSithis would be the case in many
practical rock mechanics problems, it is suggestatl where the stability of a structure
is at stake, the only safe course to follow isge the envelope defining the weakest state
of the material.

4.6.4 Influence of laboratory testing techniques upon the rupture of rock

A large proportion of the research effort which lgasie into building up the science of
rock mechanics has been devoted to the detailely stulaboratory testing techniques.
Jaeger (1966) has given an excellent review of whigk which includes studies of the
influence of specimen geometry, platen frictiorieraf loading, size of specimen and of
the stiffness of the testing machine upon the bielawof the rock specimen. No useful
purpose would be served by attempting to repeatdéitails of this review and the
following discussion will be confined to certaindo@principles of rock testing.

The results of presented in Figures 4.10 and 4udgest that theshape of the
characteristic curve which defines the rupture beha of a rock is largely independent
of the method of testing. Consequently, in chagpsa testing technique, which
determines th@ositionof the characteristic curve on tlfe s plane, it is necessary to
consider:
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a) the basic principles of materials testing whiele to be fulfilled and

b) the purpose for which the test results areirequ

The most important requirement which must be metaimying out a test is that it must
be possible to determine the stresses acting osgéeimen. Since most rocks exhibit
some degree of anisotropy and all rock become @o@Eo as a point of rupture is
approached (Walsh 1965; Brace, Pauling & Scholz6),9ény test specimen in which
there are significant stress gradients and for lhite stress at rupture has to be
calculated on the basis of the theory of elastioiyst be treated with suspicion. This
applies to specimens tested in bending, torsiont@armertain indirect tests which involve
high stress gradients, e.g. indentation of theispat with a steel ball or diamond point.
The simplest solution to the problem is to choospecimen geometry which permits
calculation of the applied stresses from a simpdellarea relation. However, even when
this condition is met, e.g. in the case of a cyiicel specimen subjected to direct
compressive stress, it is still necessary to enghatestress gradients are not induced as a
result of poor end conditions (Hoek 1966, Mogi6@p

The purpose for which the results of laboratorystes rock specimens is required can
have an important bearing upon the test methodethosThis is particularly true in
relation to the direction of the most importantifee surface in a ruptured specimen
(Figure 4.7). For example, if the results of acfdaboratory tests are to be applied to a
slope stability problem in which the shear ruptmmede (Figure 4.7a) is of prime
importance, an applied stress condition which erages the development of this shear
mode, i.e. a shear-box test, would be a logicailcehfor the test method.

In the case of the rock surrounding undergrounceraixcavations, both tensile and shear
modes may be important. An even more importantsicenation may be the stress
redistribution associated with fracture which maguit in the load on an element being
relieved if it tends to deform by a large amountetation to the surrounding rock. An
appreciation of this problem has led to the devalept of ‘stiff-machine’ testing
techniques (Cook and Hojem 1966; Bieniawski in sigbman) which restrict the strain
which takes place in the specimen.

The conclusion to be drawn from the discussion garexi above is that, while it is
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important to exercise care in preparing and testock specimens, it is even more
important to give serious consideration to the tesevhich the results are to be put.
Unless the test method chosen bears a directarladithe problem under consideration,
a great deal of effort can be expended on obtaimfoggmation which may have little or
no practical significance.
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