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Plasticity Models

In this document, the expressions for yield surface and plastic potential are based on
a compression positive sign convention.

Mohr-Coulomb

Yield (failure) surface:

f = —|—3lsin (¢)+ \/E[cos(e) +%sin (6)sin (¢)}— ccos ()

Plastic potential flow surface:

g, = —I—ésin (A )+ \/I{cos(e) +%sin(0)sin (¢)} —ccos(¢)

For associated flow use ¢, =¢

Where:

|, =0, +0,+0,

1 2 2 2 2 2 2
J, :E(SX +8, +SZ)+ Ty + 7y, +7y

_ 2 2 2
J3=5,8,8, + 27,7, T, —S,Ty, =S, Ty, — S, Ty

1

SI =0; —§|1

9= Lsin 3¢§;3
237%
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Hoek-Brown

Yield (failure) surface:

fo= —|—31maC + mac\/z[cos(e) + sm(@)} —so? +4J,co0s*(0)

NE

Plastic potential flow surface:

g, = _I_3lmdilo-c + mduo'c\/zg_ So'cz +3J,

For associated flow use My, =m, recommended My < %

Generalized Hoek-Brown

Yield (failure) surface:

f, = —|—3lmba£%‘_l) sl 42 (\/Icos(e))% rmyy I,V (cos(@) + Sir:/%e)j

Plastic potential flow surface:

.=~ ol st s 24 (1 cos(0) T, o)+ 2

For associated flow use m_; =m,, recommended: M, < m%
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Drucker-Prager

Yield (failure) surface:

I
f, :\/I—q¢§1—k¢

Plastic potential flow surface:
I
O :\/Z_q(;sdn El_k¢

For associated flow use Oy = 0y

Cam Clay

Material constants:

M, &, A, I (or N), constant G or v (Poisson’s ratio)

K=Y
K
If G is provided then v = M
2G +6K
If v is provided then G = M
2(1+v)

User supplied input parameters:

po , pinit , qinit
N=T+(1-x)
'=N-(1-x)

Determine the initial specific volume, vi"it, and the equation for the initial Swelling

Line (Unloading-Reloading Line):

v,=N-4Inp,
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init
V™ =y, —Kln[ P J
Po

v_=V,+xlnp,

Yield Function:

F:q+MpIn[£j=0

Po
1
p =§(O'1+O'2 +0y)

q=+3J

1

:%\/(0-1_0'2)2 +(o, _03)2 +(03_O-1)2

Plastic Potential:

P:q+MpIn(£]=0

Po
Critical State Line (CSL):
q=Mp

Intermediate parameters:

n=
p

Plasticity Models 4

Hardening/softening rule (increment/decrement in P, once strength envelope is

exceeded):

s P
N A2

P =20

Elastic strains:
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PEE
" 3G

Elastic constitutive matrix:

Db bb bb 0 0 O
b, bb bb 0 0 O
[D] = D, bb bb 0 0 O ,
0 0 0 Db, 0 O
0 0 0 0 Db O
_0 0O 0 0 O D3_
where:
Dl=K+ﬂG
3
D2=K—EG
3
D,=G
_O_X_ _ X_
g, y
o, =[D] g,
Txy 7xy
Tyz 7yz
_sz_ _7zx_

[Dep}z[D] oo oo
{GF({O—}’{k})} [D]{GP({G},{m})}JFA
oo oo
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Derivation of A (following the approach in Finite Element Analysis in Geotechnical
Engineering by Potts and Zdravkovic):

A__;{aw{a},{k})}T - {%({ o). po)}{dpo}

A ok op,

From hardening/softening rule:

\'
dp, = def
Po = Py 1 x &y

M, implying that dp, = p, v A@P({G},{k})

By definition dg) =A
op A—K op

Inserting into the equation for A gives:

PV 6F({a},p0)8P({a},{k})

A—K op, op

Finally, the expression for A is:

) ol

Plastic strains (for special case of triaxial test):

(A=x) 1

2 2\ .
vy +77)—(M n*)b+2n4|

o
é.p_ (’1 ) I 54+ 4772 .
w7 _<M2n2>q}
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Modified Cam Clay

Material constants:

M, &, A, I (or N), constant G or v (Poisson’s ratio)

k=22
K
If G is provided then v = M
2G +6K
If v is provided then G = M
2(1+v)

User supplied input parameters:

init

po , pinit , q

N=T+(A-x)In2
F=N-(A-x)In2

Determine the initial specific volume, vinit, and the equation for the initial Swelling
Line (Unloading-Reloading Line):

v,=N-4Inp,

init
v :vo—/cln[ P ]

Po
v. =V, +xlInp,

Yield Function:

2
F :q—+M2(1—&]:O,Where

p p

1
p=§(0'1+0'2 +0y)
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q=+3J
1

:%\/(0-1_0'2)2 +(o, _03)2 +(03_O-1)2

Plastic Potential Function:

2
P :q—2+|v|2(1—&)=0
p p
Critical State Line (CSL):
q=Mp

Hardening/softening rule (increment/decrement in P, once strength envelope is

exceeded):

s P
. Pve,

Po (A-x)

Elastic constitutive matrix:

D bb bb 0 0 O
D, bb bb 0 0 O
(D] - D, bb bb 0 0 O
0 0 0 Db O 0/
0 0 0 0 Db O
_O 0O 0 0 O D3_
where:
D1=K+ﬂG
3
D2=K—EG
3
D,=G

Elasto-plastic constitutive matrix:
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[Dep]:[D]— oo oo
{aF({a},{k})}T[D] {ap({a},{mw}M
oo oo

Derivation of A (following the approach in Finite Element Analysis in Geotechnical
Engineering by Potts and Zdravkovic):

A L {%({a},{k»}T (A=t {ama}, po)} (doy)

A ok A op,

From hardening/softening rule:

dp, = p, z_,(d"’“vp
oP 1K oP 1K
By definition dg = AM , implying that dp, = p, v A ({O-} { })
ap A-k op

Inserting into the equation for A gives:

__pv F({o}.p) P({o}.{k})

A-x  op, op

Finally, the expression for A is:

A—K 2 S p’

2 2 4 _ 212
A=_ﬂ(_M2p)X{Mppo_2§| }_ Pv M'pp,-2M"q
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